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Overview of standard factor graphs (S-FGs)

» The standard factor graph (S-FG) N consists of f 5
1. nonnegative-valued local functions fi,..., fs; A
2. edges 1,....,5; x2 x4
3. alphabets A7, ..., X5 for variables xi, ..., X, X5
respectively. fs fa
> The global function for N:
g(x1,. .., x5) = fi(x1, x2,x3) - fa(x1, %) - Fa(x2, x5) - fa(x3, x4, X5).

> We want to approximate the partition function of N:

ZN) & Y gl xe).

X1 €X,..., X5 EX5



Overview of the sum-product algorithm (SPA)

(t)

e3—f;

Let e3 = (f;, fj) € £. The message is updated based on

Ug)—n‘ Xe3 Z f(X617Xe27Xe3) 'uel—>)( Xer) - Mg—gf)(er)

Xel ,Xe2



Overview of the main results

Prior work by Yedidia et al. in [Yedidia et al., 2005]:

1. For standard factor graph (S-FG) with positive-valued local functions
only, all local minima of the Bethe free energy function correspond to
SPA fixed points.

Our work:

1. By slightly modifying the S-FG with nonnegative-valued local
functions if necessary, we relate the global minimum of the Bethe free
energy function to an SPA fixed point.

2. The result is mainly based on a dual formulation of the Bethe partition
function.
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Introduction to S-NFGs

» Many inference problems can be formulated as computing the
marginals and partition function of some multivariate functions.

> S-NFGs are used to represent the factorizations of
nonnegative-valued multivariate functions.

> The word “normal” means that the variables are arguments of only one
or two local functions.



The definition of S-NFGs

The S-NFG N(F, €, X) consists of:

1. the graph (F,£), where an f € F denotes a function node and the
associated local function;

2. the alphabet X £ [] ¢ Xe.

fi f
An S-NFG consists of two kinds of edges: : X
1. full edges; 2 x
2. half edges. X6 M -
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The definition of S-NFGs

Given N(F, €&, X), define

1. the local function: f: [[ Xe = R-g;
ecof

2. the global function: g(x) £ [ f(x¢);
feF

3. the partition function: Z(N) = 3" g(x).

X
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The SPA

Let t be the iteration index.
1. For t = 0, we randomly generate ung € [0, 1]\ {0}.

2. For t € Z~g and e = (f;, f;), the message from e to f; is updated
according to

-1
g0 Y Az T misie) e Roo.
25 ze=xe e’€dfi\{e}



The SPA

For each e = (f;, f;), the belief (a.k.a. pseudo-marginal) is defined to be

1
500e) 2 gmy Hehale) i)

where the normalization constant Z; is given by

() = Zuw 1, (xe).



The SPA

> In the case of a cycle-free S-NFG, the SPA fixed-point messages
provide exact marginals and partition function.

> In the case of an S-NFG from certain classes of S-NFGs with cycles,
the SPA fixed-point messages give good approximations of the
marginals and the partition function.



The SPA on an example S-NFG

fi

P |

X1 X2
f2
? |

We associate the matrices fi and £ with local functions f; and f,
respectively.

fi(1,1) - A(L]A])
= <f1(X1,X2)) oex. ( o : >’
X1,X: e f

(EARYREACGARESY)!

£(1,1) - H(1,]A])
£ L (fz(Xl,Xz))Xl e - ( . . > )
) e f2

(1)) - (X, Aa])



The SPA on an example S-NFG

The SPA update rule:

(t) (t=2) (t) T , (t-2)
My X M-py L Myl X M7y O

Equivalent to applying the power method for the matrix M 2 f, - £,T.
At an SPA fixed point p(t):

(t) (t) (t) T (1)
Mg X M- M4 By g X M TH1 -

The vectors u(lt_)m and y,gt_)ﬂcl are the left and right eigenvectors of the

matrix M, respectively.



The SPA on an example S-NFG

fi

P |

X1 X2
f
? |

Belief on edge 1:
() () — L
b (x1) = Zl(H(t)) iu’lﬁfl(xl) iul*)fz( 1),

where the normalization constant Z; is given by

.
200 = (W0 ) il



The SPA on an example S-NFG

Consider specific ; and F:

11 10 A

fl_(o 1)’ f2_<o 1)’ =
11 o P

M:fl.f2T=< )

01

P> The largest eigenvalue is degenerate.
» The SPA fixed-point messages on edge 1:
p =017, pi, =10
» With that, the normalization constant equals
T
t
4} ( (t)) (H&l,a) ﬂ(l_)>f2 0.

> This poses a significant issue when generalizing the results by Yedidia
et al. [Yedidia et al., 2005].



The SPA on an example S-NFG

To address the previous issue, we consider specific f; and £ such that

(1Y

» |
F>0, 6u(r)>0, 6(r)>0, X1X2

2

$ |

Ir%] o1(r) = IrTg do(r) = 0.

> Perron—Frobenius theory can be used to show that at the SPA fixed
point,

ﬁl(Xl) > 0, VXl, Zl(u(t)) > 0.

» Set r — 0. Different 61(r)/d2(r) results in different SPA fixed-point
messages and different beliefs 51(x1).
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The primal formulation

Given N(F, &, X), the local marginal polytope (LMP) B(N) is a
collection of vectors

B = ({Betece, {Brtrer)
satisfying

1. for f € F, > Br(xf) =1 (normalization);

Xf

2. for f € F, Br(xr) € R>p (nonnegativity);
3. fore=(fi,fi), > Brxg)=Pe(ze) = 2 Br(xp)
Xf,1 Xe=2Ze Xf: Xe=Ze

(local consistency).

B € B(N) is called a collection of beliefs (a.k.a. pseudo-marginals).



The primal formulation

The Bethe free energy function is defined to be
Fepn: B(N) =R

B> > Be(xe)- 1og f( ZZﬁe Xe) - 10g Be(e)
f  xr

N~

FB,f(ﬁf) Hp,e(Be)

The Bethe approximation of the partition function Z(N), called the
Bethe partition function, is defined to be

Z5 N = exp <— mﬁin FB7p7N(B)).



Factor graphs of the primal formulation

FB.f; HB ¢ FB,#;

> LHS: part of an S-NFG of interest.
> RHS: part of an NFG whose global function is equal to the
Bethe free energy function.

> The global function of this NFG equals the sum (not the product) of
the local functions.



The primal formulation
When the S-NFG N is cycle-free,
1. the function Fg, n(B) is convex [Heskes, 2004, Corollary 1J;

2. the Bethe partition function Zp , \ satisfies
Z]g,p,N = exp<— mﬁin FB,p,N(IB)> = Z(N),

3. the elements in the collection of beliefs

B* € argmin Fg , n(B)

equal the marginals induced by N [Yedidia et al., 2005, Proposition 3].



The primal formulation

Consider specific f; and £ associated with function nodes f; and f:

h= (&%r) 1) e <53tf) %r)) | d

’ |
F>0, Si(r)>0, 8i(r)>0, 8(r)>0, X1X2

2

$ |

limoi(r) = Irlfa do(r) = er(; 53(r) = 0.

rl0

1. Apply [Yedidia et al., 2005, Theorem 3] to this modified S-NFG.
2. Let r — 0.

3. Relate the global minimum of the Bethe free energy function to an
SPA fixed point for the original S-NFG with fi = (}1) and

h=(59)



The dual formulation

A dual formulation of the Bethe partition function was proposed
in [Yedidia et al., 2005, Walsh et al., 2006, Regalia and Walsh, 2007].

Another dual formulation was presented in [Heskes, 2003, Section 4]:

* _ .
Zp N = maxmin...

» The dual formulation in [Heskes, 2003, Section 4] is not well defined.
Heskes did not analyze the optimal values’ locations.

» Our contribution is to introduce a well-defined problem and study the
optimal value's locations in [Huang and Vontobel, 2022, Section III].



The definition of the dual formulation
1. For every edge e = (f;,f;) € £,

Ae = ()\e(Xe)) c R‘Xe|, )‘e,f,- = )\e, )‘676 = —Ae’

Xe

Ye = ('Ye(xe)) S RIZ/%‘, Z’ye(xe) =1.

Xe

2. For every f € F,

’Yaf, Aaf Z f Xf H (exp()\e,f(xe)) . ’ye(xe)) .

ecof -
Neﬁf(xe)

3. For S-NFG N,

ZSIZ*N = supinf HZf Yof s Aof)-
Y



The dual formulation for an example S-NFG

Consider specific f and £ associated with function nodes f; and f:

f

11 10 ]
f
¢ |

There are {~(™} and {A("} such that
1. {~(™} and {A(M} converges to the location of the optimal value;

2. an associated message sequence converges to a collection of
SPA fixed-point messages.
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The dualization by Yedidia et al.

Hp, e B, f;

» Dualizing the NFG according to
[Yedidia et al., 2005, Walsh et al., 2006, Regalia and Walsh, 2007].

> The details are given in [Yedidia et al., 2005, Section VI]
and [Regalia and Walsh, 2007, Section V-C].



The dualization by Heskes

Fr,y; Hp,e "B,

I:IB,e FB’fj

log(v/7e)
log(v¥e)H+Xe Llog(vve)—Xe

Me

Xe

= 5

1. Replacing the equal-constraint function node.
2. Dualizing the resulting NFG.
3. The details are in [Huang and Vontobel, 2022, Appendix C].
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Comparison of the results

Prior work by Yedidia et al. in [Yedidia et al., 2005]:

» For the S-NFG with positive-valued local functions only, all local
minima of the Bethe free energy function correspond to
SPA fixed points .

Our work:

> By slightly modifying the S-NFG with nonnegative-valued local
functions if necessary, we relate the global minimum of the Bethe free
energy function to an SPA fixed point.
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